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PERIODIC GROUPS COVERED BY TRANSITIVE SUBGROUPS
OF FINITARY PERMUTATIONS OR BY IRREDUCIBLE
SUBGROUPS OF FINITARY TRANSFORMATIONS

FELIX LEINEN AND ORAZIO PUGLISI

ABSTRACT. Let X be either the class of all transitive groups of finitary per-
mutations, or the class of all periodic irreducible finitary linear groups. We
show that almost primitive X-groups are countably recognizable, while totally
imprimitive X-groups are in general not countably recognizable. In addition
we derive a structure theorem for groups all of whose countable subsets are
contained in totally imprimitive X-subgroups. It turns out that totally im-
primitive p-groups in the class X are countably recognizable.

1. INTRODUCTION

A class & of groups is said to be countably recognizable if every group, all of
whose countable subsets are contained in countable ®-subgroups, is itself a &-
group. Many examples of such classes are discussed in [2I] Section 8.3]. In the
present work we are concerned with countable recognizability for transitive finitary
permutation groups and for periodic irreducible finitary linear groups. Recall that
a group is said to be a finitary permutation group if it is isomorphic to a subgroup
of FSym(Q), the group of those permutations of some set €2 which fix all but
finitely many elements. Correspondingly, a group is said to be finitary F-linear if
it is isomorphic to a subgroup of FGLg(V'), the group of those invertible F-linear
transformations of some F-vector space V' which act like the identity on a subspace
of finite codimension in V. Note that FSym((Q) is periodic and finitary linear on
the natural F-module FQ). A survey about features of finitary linear groups is given
in [20].

By a classical theorem of A.I.Mal'cev [14, Theorem IV], a group is linear of
degree n if and only if all its finitely generated subgroups are linear of degree
n. Later, it was shown by J.I.Hall [4, Theorem 1] that simple finitary linear
groups are countably recognizable. This result was extended by the authors to
periodic primitive finitary linear groups [13] Theorem A]. Here we made use of
Hall’s classification of the non-linear periodic simple finitary linear groups [6], [5],
and of the fact that the commutator subgroup of a non-linear periodic primitive
finitary linear group is simple [T3, Theorem B]. In their recent paper [7], K. K. Hickin
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and R. E. Phillips derived partial results about countable recognizability in certain
classes of totally imprimitive finitary permutation groups. In the present article we
shall complete all these investigations with the following general treatment.

Notation. Throughout, let X be either the class of all transitive groups of finitary
permutations, or the class of all periodic irreducible finitary linear groups.

An w-cover of the group G is a family of countable subgroups of G such that
each countable subset of G is contained in a subgroup from this family. The notions
totally imprimitive and almost primitive, which apply to transitive groups of fini-
tary permutations as well as to irreducible groups of finitary transformations, are
explained in Section 2. Note that totally imprimitive X-groups are always countable
(see Section 2).

Theorem A. Almost primitive X-groups are countably recognizable.

Theorem B. There exist uncountable groups which admit neither a faithful tran-
sitive finitary permutation representation nor a faithful irreducible finitary linear
representation, although they contain an w-cover of totally imprimitive X-subgroups.

In fact, we shall construct a huge variety of such groups, even with prescribed
composition factors. On the other hand, we shall complement Theorem B with
a very precise structure theorem for groups which contain an w-cover of totally
imprimitive X-subgroups.

Theorem C. Let G be a group with an w-cover of totally imprimitive X-subgroups.
Then G embeds as a transitive resp. irreducible subgroup into the unrestricted wreath
product W = S Wr, FSym(w), where S is a finite group resp. an irreducible sub-
group of GLg(U) for some finite-dimensional vector space U over an algebraically
closed field K. Here, W acts naturally on the set S X w resp. on the vector space
U ®w. Further, the following three properties hold.

(a) The image G of the projection 7 of G into the top group of W is a totally
imprimitive subgroup of FSym(w).

(b) G is contained in Wy -C, where Wy denotes the restricted wreath product
Swr, FSym(w), and where C is the group of all base group functions f:w — (1(S5)
which, for every proper Gm-block Qg in w, are constant on all but finitely many
Gm-translates of Qqg, resp. act like a scalar on all but finitely many G-translates of
U ® Q.

(¢) In particular, G’ is countable, being a subgroup of Wy, and C NG is an
abelian normal subgroup of countable index in G.

The properties recorded in Theorem C are reflected in the examples constructed
to show Theorem B. In Section 7 we shall also derive sufficient conditions which
ensure countable recognizability in the totally imprimitive case. As an amazing
consequence we obtain

Theorem D. FEvery p-group with an w-cover of totally imprimitive X-subgroups is
a totally imprimitive X-group.

In particular, no p-group in the class X is L, «-equivalent to an uncountable
group.

[11l, Example 3.4] shows, that finitary permutation p-groups and unipotent fini-
tary linear p-groups are not countably recognizable. In fact, the direct product of
the above example and any of the groups constructed in the proof of Theorem B
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has no faithful finitary linear representation at all, although each of its countable
subgroups is a group of finitary permutations! (Cf. Section 5.4.) For any pair
of primes p#q we even obtain periodic locally solvable {p,¢}-groups with this
property. Therefore just the following question remains open.

Question. Are finitary linear p-groups over fields of characteristic # p countably
recognizable ¢

Note that such groups are subdirect products of irreducible finitary linear p-
groups over a fixed field of coprime characteristic. In his recent work [24], B. A. F.
Wehrfritz shows that the answer to the Question is affirmative for hypercentral
groups of central height w.

2. BACKGROUND INFORMATION

This section is a résumé of well-known properties and techniques which we intend
to use in our proofs without further reference. Note first that every periodic group
of finitary permutations or finitary linear transformations is locally finite.

2.1. Finitary Permutation Groups (see [17], [18]). Let G be a transitive sub-
group of FSym(Q), where Q is infinite. The support suppnA of a subset A of G
is the set of all those elements from {2 which are actually moved by A. Since G
contains just elements of finite support, any proper G-block in € is finite. Hence
one of the following three cases occurs.

(1) Q contains no proper G-block, that is, G is primitive. By a well-known
theorem of H. Wielandt [26] Satz 9.4], the group G is then either FSym(§2) or the
alternating group Alt(§2).

(2) There exists a maximal proper G-block € in €. Then the induced action
of G on the corresponding system A of imprimitivity in € is primitive, whence G
is said to be almost primitive. If we identify  in the right way with Qg x A, then
G becomes a subgroup of the restricted wreath product W = Spwra FSym(A),
where Sy denotes the subgroup of Sym(€)y) induced from the setwise stabilizer of
Qo in G. We shall frequently replace the action of Sy on Qg by the right regular
action of Sy on itself. In this way, G and W become almost primitive subgroups of
FSym(Sp x A).

(3) There are proper G-blocks in 2, but no maximal ones. Then (2 is countable
as the union of an ascending chain {Q,}nc. of proper G-blocks. In particular, G
is countable too. In this case G is said to be totally imprimitive. Let Ay = o,
and for every n €w, let A, 41 be the system of imprimitivity in €2, 41 containing
the block ,,. If we identify € in the right way with the restricted product

{(An)new € [1hew An | A =, for all but finitely many n € w},

and if we let S, denote the subgroup of Sym(4,,) induced from the setwise sta-
bilizer of €2, in G, then G becomes a subgroup of the restricted wreath product
WrpewSn. This wreath product is the direct limit of the iterated wreath prod-
ucts G, = Spwr - wr S, with respect to the canonical embeddings of G,, onto the
component of the base group of G,,41 corresponding to £2,,.

In all three cases, the derived subgroup G’ of G has non-trivial intersection with
every proper normal subgroup of G, and G’ is the unique minimal transitive normal
subgroup of G. In particular, G’ is perfect. In modification of the usual terminology
we call G almost primitive if it is not totally imprimitive.
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2.2. Finitary Linear Groups (see [19], [15]). Let G be a periodic irreducible
subgroup of FGLp(V), where dimyp V' is infinite. Suppose that G is imprimitive.
Any proper G-block Vj in V is finite-dimensional, and G permutes the correspond-
ing system A of imprimitivity transitively and finitarily. If we identify V in the
right way with the F-vector space Vo ® A = Psca Vo ® §, then G becomes a
subgroup of the restricted wreath product Spwra FSym(A), where Sy denotes the
subgroup of GLp(Vp) induced from the normalizer of Vj in G. Note that Sy acts
irreducibly on Vj.

Depending on the way in which G acts on A, the group is said to be almost
primitive, respectively totally imprimitive. The unipotent radical of G is trivial,
and every normal subgroup of G is completely reducible. Moreover, G’ has non-
trivial intersection with every proper normal subgroup of G, and G’ is the unique
minimal irreducible normal subgroup of G. In particular, G’ is perfect. In the
totally imprimitive case, the countability of A entails that dimpV is countable,
and G is countable from [23, 1.19] and the theorem of A.E.Zalesskii [28] and
D.J. Winter [27], applied to V5. In modification of the usual terminology, we say
that G is almost primitive if it is either an almost primitive finitary linear group in
the usual sense, or a primitive group of finitary permutations.

We also note that every non-trivial normal subgroup N of G either is irreducible,
or the N-homogeneous components in V' are finite-dimensional: In the case when
there is more than one N-homogeneous component in V', these components form
proper G-blocks and must therefore be finite-dimensional. In the other case the
unique N-homogeneous component is a direct sum of finitely many copies of an
infinite-dimensional irreducible FN-module, since N acts finitarily on V. But G
acts finitarily on V too, and therefore the component merely consists of one copy
of the irreducible F N-module.

2.3. Ultraproducts (see [5], Appendix). A set ® of subsets of the set I is said to
be a filter on I if the following conditions are satisfied:
(i) 0¢o,
(i) X, Y €® imply XNY € &, and
(iii) XCYCI and X € ® implies Y € P.
It is a straightforward consequence of Zorn’s Lemma that every filter on I is con-
tained in an wultrafilter on I, that is, a filter ® with the additional property that for
every X C I, either X € ® or I — X € ®.

Suppose now that {S; | i€} is a family of non-empty sets. Then every ul-
trafilter ® on I gives rise to an equivalence relation ~¢ on the cartesian product

[Lics Si via
(8i)ier ~a (ti)ieI if and only if {Z el | S; = ti} € o.

The set of equivalence classes ([[;c;Si)/® is called an wultraproduct. If for ev-
ery i€l we are given a group G; of automorphisms of the vector space V; over
the field K;, then ([[;c; Gi)/® becomes a group of automorphisms of the vector
space ([[;c; Vi)/® over the field (J],c;K;)/®, where all the operations in question
are defined componentwise. Correspondingly, every ultraproduct (J[;c; Gi)/® of
permutation groups G; < Sym(;) acts componentwise on the set ([[;c;$%)/®.
Moreover, there is the famous theorem of Lo$ [2] 5.2.1] with the consequence that
common properties of all factors of an ultraproduct, which can be formulated by
first order sentences, are inherited by the ultraproduct itself [2] 5.2.2].
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3. COVERS

Proposition 3.1. Every almost primitive resp. totally imprimitive X-group has an
w-cover of almost primitive resp. totally imprimitive X-subgroups.

Proof. 1t suffices to consider an uncountable and hence almost primitive X-group
G. The primitive permutation groups Alt(2) and FSym(f2) are obviously covered
by countable subgroups of the same kind.

Now let G be an almost primitive finitary permutation group. Then G <
Sowra FSym(A), where Sy is finite. The wreath product acts on = Sy x A.
Consider a countably infinite subgroup X of G. Let Ax be the smallest countable
subset of A such that suppaX C Spx Ax. Since G acts highly transitively on
A, we can find for all A,y € Sy x Ax some g€ G such that A\;jg = Ao and
suppag C So x Ax. Moreover, for every m € Alt(Ax) there exists h€ G such
that h induces m on Ax and satisfies suppgh C Sp x Ax. Together with X, all
these elements g and h generate a countable subgroup of G, which acts almost
primitively on Sg x Ax.

The periodic almost primitive finitary linear groups can be handled in the same
way. ([l

In the converse direction, we shall make extensive use of the following elementary
observation.

Lemma 3.2. Let the w-cover € of the group G be the union of subsets €, (n€w).
Then one of the families &,, forms an w-cover of G.

Proof. Assume that the assertion is false. Then there are countable subgroups X,
(n €w) of G such that no subgroup from €, contains X,,. But now the countable
subgroup (X, | n €w) cannot be contained in any subgroup from the w-cover €, a
contradiction. |

We note an immediate consequence of Lemma 3.2 and Theorem A.

Corollary 3.3. Periodic irreducible finitary linear groups that are not totally im-
primitive are countably recognizable.

Proof. Suppose that the periodic group G has an w-cover € of such groups. From
Lemma 3.2, we may assume that € consists exclusively of groups of precisely one
of the following types: linear groups, non-linear primitive groups, almost primitive
groups. By Theorem A, we need to consider the first two cases only. Non-linear
primitive groups have been treated in [13] Theorem A]. If every X € € is a periodic
irreducible linear group, then G is linear by Mal'cev’s Theorem. From Lemma
3.2 we may assume that the characteristic of the underlying fields is independent
of X €¢€. Since every X € € has trivial unipotent radical, the same holds for G.
Therefore G is countable by [23, 1.19] and [28], [27]. In particular, Ge€ € is an
irreducible linear group. O

4. ALMOST PRIMITIVE GROUPS

In this section we shall prove Theorem A.

Lemma 4.1. Every infinite primitive finitary permutation group admits just one
non-trivial transitive finitary permutation representation, namely the natural one.
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Proof. Let Alt(A) < G < FSym(A), and suppose that G acts as a transitive
finitary permutation group on the infinite set . Since G’ is infinite and simple,
we have G’ = Alt(2). From [19] 3.3.1] or [3, Corollary 3.5], the complex vector
space V = [CQ,G] is an irreducible CG-module. Hence [3] Theorem B] yields
V 2ce [CA,G]. Tt remains to show that the action of every element g€ G on Q
is determined by its action on V. But we can choose wy € Q —suppg g. Then the
action of g on the C-basis {w —wy | w € Q@ —{wy}} of V is similar to the action of
gon Q—{wg}. O

Lemma 4.2. Let Vj be a finite-dimensional F-vector space, and let A be an infinite
set. Consider the canonical finitary linear representation of the restricted wreath
product W = GLp(Vp) wra FSym(A) on the vector space V =Vo @ A. Let G be a
subgroup of W such that the induced action of G on A is primitive, and such that
the normalizer in G of Vo ® § induces an irreducible subgroup of GLy(Vo ® §) for
each § € A. Then G acts irreducibly on V.

Proof. Consider a non-zero vector v = Eéer vs @0 in V, where Ag is a finite
subset of A. Fix some &y € Ay with vs, # 0. Let S be the normalizer in G of
Vo ® dp, and let Sy be a finite subset of S such that FSy and FS induce the same
subspace of Endp(Vp ® dg) on Vp ® dg. Without loss we may assume that Sy fixes
every vector in Vo ® (A — Ap). Since G acts highly transitively on A, we can find
h € G such that h normalizes Vi ® dg, and such that the permutation of A induced
from h moves Ag — {§o} into A — Agy. But then Vy ® dy < [v,S8], and hence
V <[v,G]. O

Theorem 4.3. Periodic almost primitive finitary linear groups are countably rec-
ognizable.

Proof. Suppose that the group G has an w-cover € of subgroups which are al-
most primitive finitary linear groups on some infinite-dimensional vector spaces.
Each X €€ is an irreducible subgroup of the restricted wreath product Wx =
Sx wra, FSym(Ax), where Sx < GLg, (Vx,) for some finite- (possibly zero-)
dimensional F x-vector space Vx o, and where the image of the canonical homomor-
phism 7x : X — FSym(Ax) contains Alt(Ax). The wreath product Wy acts
naturally on the vector space Vx = Vx o ® Ax, and the irreducible subgroup Sx
of GLg, (Vx,0) is induced from the normalizer of Vx o ® dx,o in X, for some fixed
dx,0 € Axo. Bach g€ X has the form g = fx 4-gmx for some fxq:Ax — Sx.
From [23] 1.19] we may assume that the fields Fx are algebraically closed.

For X €€, let Px ={Y €€ | X <Y}. Since the infinite simple group Alt(Ax)
contains finite p-subgroups of arbitrary large solubility lengths, [23] 9.20 and 9.4]
imply that Alt(Ax) cannot be a composition factor of the base group of Wy for any
Y € Px. In particular, Kxy = X Nkermy < kermx. Let Kx = ﬂYer Kxy.
Note that Ky, < Kx, whenever X; < X,. Therefore K = (Jy e Kx is a
normal subgroup in G with KNX = Kx. Let 7 : G — G/K denote the canonical
epimorphism. Consider a finite subgroup F of G’. Choose X € € such that F < X’
and KNF = FNkermy. Let E=suppy, Frx. Then Frx < X'nx = Alt(Ax),
and so F is contained in a finite subgroup F of X such that Frx = Alt(Z). This
shows that G’ has a Kegel cover with alternating quotients. Hence [10, Theorem
4.1] yields that G'w is simple.

Next, consider a finite subgroup F of G with (FNG")w # 1. Let ® be an ultra-
filter on € which contains the sets Px (X € €). From Lemma 3.2 we may assume
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that there exists m € w such that [suppy, Frx| = m for all X €. Now Gm <
(I[Ixee FSYm(Ax))/® via gm = (gnx)xee for all g€ G; here grx =1 whenever
g¢ X € €. The ultraproduct acts faithfully on the set ¥ = (J[[xce Ax)/®. From
Lo$ Theorem, |suppyF'w| =m. Since FSym(X) is a normal subgroup of Sym(X),
the simplicity of G'm enforces that (G'F)m < FSym(X). Let A be an orbit of
(G'F)r in ¥, on which G'm acts non-trivially. The pointwise stabilizer Z7 in
(G'F)m of A is a normal subgroup, which intersects G’ trivially, and which must
therefore commute with G’w. Assume that Z7 contains a non-trivial element z7.
Choose X €€ such that z€ X and zmyxy # 1. Because [z,X'] < [2,G'NX <
K nNX < kermy we obtain [z7mx,X'mx] = 1. This contradiction shows that
(G'F)m acts faithfully on A. However, the group G'm acts transitively on A. But
then G'7m = Alt(A) and |(G'F)m : G'w| < 2. Since F was an arbitrary finite sub-
group of G, we conclude that |G : G'w| < 2, and that Alt(A) < Gm < FSym(A)
for some orbit A of G in the ultraproduct X.

In the sequel we choose F such that (G'F)r = Gr. We may assume without loss
that ' < X for all X €€, and that there exists m € w such that [supp,, Frx| =
m for all X €€ (Lemma 3.2). From Lo§ Theorem, [suppsF7| < m.

Consider some X € €. Note that Xmx is an image of X7, with kernel Kx xm.
Since X’'mx cannot occur as a composition factor in a subdirect product of finite
groups, there exists an infinite orbit I'xy of X7 in A. Since Xmx is non-abelian,
Kx xm cannot act transitively on I'y. From Lemma 4.1 the group X7x acts
naturally on the set of orbits of Kx x7 in I'x. Let v be the size of such an orbit.
Then

v-|suppp, Fr| < v-m = v-|suppp, F'rx| < [suppr, F'rl.

It follows that v=1, and that Kx xm acts trivially on I'y. Now Xwx acts
naturally on I'x. Moreover, |suppr, F'rr| < |[suppa, F'rx| enforces that I'x is the
unique infinite X7-orbit in A. This allows us to identify Ax with the subset I'x.
Let A be a countable subset of A. Then there is a countable subgroup Z of G such
that Zm = Alt(A). If X € contains Z, then the infinite alternating group Zn
cannot be a composition factor of the base group of Wx. Hence ZNkernx = ZNK
and A C Ax. In particular, A = UXE€ Ax and Ax C Ay for X <Y.

We now form the ultraproduct S = (][ yce Sx)/®, and define a homomorphism
T:G— W =SWraFSym(A) by gt = f, - gm, where f;: A — S is given via

(0)fg = ((0)fx,g)xeec forall §eA;

here (§)fx,y = 1 whenever g¢ X €€ or 6¢ Ayx. The wreath product W acts
on V =V, ®A, where Vo = (J]xce Vx,0)/® is a vector space over the field
F=(J]xceFx)/®. From Lemma 3.2 we may assume that there exists n €w such
that dimp, Vx o =n for all X €. By Los Theorem, dimp V) = n too. We now
show that 7 is injective.

For any finite subset HC X €€ we let Ax g denote the smallest subset of
Ax such that H fixes each vector in Vx o ® (Ax — Ax ). Note that Ax y is
finite. Consider a finite subset A C Ax, where X €€ is fixed. There exists a
finite subgroup H < X of smallest possible order such that Hrx = Alt(A). Then
every proper normal subgroup of H is contained in ker mx. Consequently, if A has
been chosen large enough, then H cannot have a non-trivial linear representation of
degree <n ([23, 9.20 and 9.4]). This shows that Ay g = suppa, Hry C supppH7
for all Y € Px.
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Assume that there exists 1#g€ X Nkerr. Choose A and H as above such
that Axy € A and Ax 4hNAxy =0 for some he H. Then [g,h] # 1. For
every Y € Px, this enforces (d)fy,y # 1 for some 6 € suppp H7. By [Bl Lemma
B.1], there exists ¢ € suppp H7 such that {Y € Px | (§)fy,g # 1} € ®. But then
(0)fy #1 and g7 # 1. This contradiction shows that 7 is an embedding.

We shall show next that Gt < FGLy(V'). To this end, consider g € G and § € A
with (0)fy # 1. Choose X €€ such that g€ X and € Ax, . Assume that
there exists Y € Px satisfying 6 ¢ Ay,y. Then § ¢ supppgn. Choose A CAx
and H <X as above such that AN (Ax, UAy,) = {d}. Since Alt(Ay) <
Y7y, there exists t €Y such that Ax Nsuppatm =0 and Ay g(tw) N Ay, = 0.
From the action of (g, H')T on Vy ® Ax we see that [g, H'] # 1. On the other
hand, the subgroup (g, H') of Y satisfies [g, H!] = 1 from its action on Vjy-.
This contradiction shows that J € Ay, for every Y € Px. Since the join of every
countable subfamily of the w-cover € is contained in a subgroup from &€, we can
now find for every countable subset T'g of ' = {d€ A | (0)f, # 1} some X €€
such that g€ X and I'o C Ax 4. Since Ax 4 is finite, I must be finite too, that is,
g7 € FGLp(V). In particular, G7 is contained in the restricted wreath product
Swra FSym(A).

The ultraproduct F of the algebraically closed fields Fx is algebraically closed
too. By [23, 1.17], each Sx contains precisely n? elements which are linearly inde-
pendent over Fx. By Lo$ Theorem, S too contains precisely n? elements which are
linearly independent over F. Hence S is an irreducible subgroup of GLg(Vp) by
[23, 1.18]. Moreover, the n? independent elements in S are still induced from the
normalizer in G7 of Vy ® dg for some fixed §g. Now Lemma 4.2 ensures that Gt
acts irreducibly on V. Since G contains an infinite alternating section, G7 must
act almost primitively on V. O

Theorem 4.4. Almost primitive finitary permutation groups are countably recog-
nizable.

Proof. Suppose that the group G has an w-cover € of subgroups which are al-
most primitive finitary permutation groups on some infinite sets. Each X € € is a
transitive subgroup of the restricted wreath product Wy = Sx wra, FSym(Ax),
acting on Qx = Sx x Ax. Here the finite (possibly trivial) group Sx is induced
from the setwise stabilizer in G of the block Sx x {dx}, for some fixed dx € Ax.
Moreover, the image of the canonical homomorphism 7x : X — FSym(Ax)
contains Alt(Ax). From Lemma 3.2 we may assume that the groups Sx (X €€)
are all isomorphic. We consider Sx as a linear group. Then we can go through
the proof of Theorem 4.3. Finally we obtain an embedding 7 : G — W =
Swra FSym(A). This wreath product acts as a finitary permutation group on
=S xA. And the ultraproduct S = ([]yce Sx)/® is induced from the setwise
stabilizer in G of the block S x {d}, for some fixed é € A. Moreover, the image
of the canonical homomorphism 7 : G — FSym(A) contains Alt(A). Tt is easy to
see that G acts transitively on €). Since G contains an infinite alternating section,
G must act almost primitively on €. O

5. COUNTEREXAMPLES

In this section we shall construct uncountable groups with an w-cover of totally
imprimitive X-subgroups. These so-called counterexamples will provide a proof of
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Theorem B. K.Hickin and R.Phillips have shown in [7] that totally imprimitive
finitary permutation groups G with the property |NG'/G'| < oo for every intran-
sitive normal subgroup N are countably recognizable. However they were not able
to decide whether every totally imprimitive finitary permutation group G has this
property. The cornerstone of our construction will be examples of totally imprim-
itive finitary permutation groups G in which this property fails, and which are
therefore of independent interest.

Definition. In the sequel, a totally imprimitive finitary permutation group G will
be called slim if it contains an intransitive normal subgroup N such that NG'/G’
is infinite.

5.1. Construction of Slim Groups. Let I, denote the prime field in charac-
teristic p >0, and let w denote the first infinite ordinal. Choose non-trivial finite
groups S, (n€w) and non-trivial faithful irreducible F,S,-modules C,, (n€w).
Let S,, act on the F,-vector space B,, = (b,) ® C,, via [b,,Sp] = 0. Let X,, be
the group generated by S,, and the stability group of the chain 0 < C,, < B,,.
Let X, act on the F,-vector space A, = (an) ® B, via [apn, X,] = 0. The group
ring F,X,, contains a projective indecomposable [F, X,,-module P, such that head
and socle of P, are isomorphic to C,, (|8, VII.10.3/10.9/11.6]). Since P, is also
an injective Fp, X,-module ([8, VIL.7.8]), and since B, is indecomposable, there
exists an embedding ¢, : B, — P,. Since (), is a non-trivial F, X,,-module, we
can extend ¢, to an embedding ¢, : 4, — F,X, via app, = ExeX,, x. Note
that A, ¢, is contained in the augmentation ideal x(F,X,). In the sequel we shall
suppress ¢, and identify A,, with its image in k(F,X,,).

Next, let Wy = Xg and W,, = W,_1wrX,, for all n>1. Then W,, =
Wh-1Wr Qp,m for all m>n, where @, = X, wr--wrX,,. Wealsolet W =
Uneo Wn and W = Wy, 1 wr @, for Qn = U,,>, @nm- We shall now recur-
sively construct F,WW,-submodules B,, < A, of the base group of Cp wr W, and
an F,X,-monomorphism %, : A4, — A, such that Bpi, < B, and A4, =
B, @ (any,) and [A,, W,] < B,.

For n=0 we choose By = By < Ay = Ay and 1y = id. Because Ay is
contained in the permutation module F, Xy, the semidirect product By x Wy can
be viewed as a transitive subgroup of C, wrWy. Suppose next that A, By, ¥y,
have been constructed for some n. Consider the action of W, 11 = W, wr X,,41; on

_Xn J—
AXn+t @IEX'”+1 Ai < Cpwr Wy4q. Let K, be the kernel of the trace map

n

—Xn+1 -
A, S (@z)eexnis — E ay € A,
T€EXn41

Clearly (anin)Xr+1 2 FpX,i1 and Ky N (anthy) X+ 2 5(FpXnq1) as FpXoii-
modules. We can therefore find an F, X, -monomorphism ;11 : Apy1 — Kp N
{@nthn )X+ and choose

- —Xn+ HXn+ A
Bn+1 = Bn 1@Bn+1wn+1 < Bn 1@An+1wn+1 = An+1~

It remains to show that B,,, 1 and A, 1 are W,, | j-invariant. Clearly they are X, -
invariant. Moreover [A,i1%ni1, Wa] < [{antn), Wy] < [A,, W,] < B, whence
[Ap+1, W] < B, < B,y1. This completes the recursion.

Now B = J,e, Bn is an F,W-submodule of the base group of C, wrW such
that G = Bx W is a totally imprimitive subgroup of C, wr W. In the next section
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we shall show that BG'/G’ is infinite, which of course means that the group G is
slim. In the sequel we shall suppress v, and identify A,, with its image in A,,.

5.2. Additional Properties of the Group G.

5.2.1. [an, W,] =0 for all n.

Proof. Clearly [ag, Wo] = [ag, Xo] = 0. And if [a,, W,,] =0, then ap41 € Apt1 <
{an)*Xn+1 is centralized by Wi "+'. On the other hand, [@n+1, Xnt1] = 0 by choice
of ap41. Altogether, [apy1, Wyy1] =0. ([

This implies

5.2.2. [Byi1, W] < [(an)Xm+1, Wit =0,

and so

— — —=Xn
5.2.3. Bt Wost] = ([Bn,Wn]Xn+1+(Kntn +1)) @ [Boi1, Xpsa-

In particular,

5.2.4. [Bpy1, Wni1] N B, = [Bp, Wy and [B,W] = UnEw[E"’ W)
5.2.5. G is a slim group.

Proof. Since BG'/G' = B/BN G = B/[B,W], it suffices to show that p"*t! =
|By/[Bn, W,]| for all n. But |Bo/[Bo, Wo]| = p, and induction yields

= - Xn+41 —SXn+1
[Bui1/[Brs1, Waiall = [B,""/([Bn, Wa] ¥t + (K, N B," )| - |By1/Cr

= |Bn/[BnaWn]| P = pn+2
O

5.2.6. Cp(WW) = D1 Bgﬁg"“ for all n.

Proof. It suffices to calculate that Cg (W) = B,%’_‘l*z " @ @BET™ for m>n

(where Qi =1 for k>{). Consider the case n=m first. Clearly Cg (Wy") =
Cp,(Wo) =0. And if Cz (W) =0, then Cpnin W) < Coxni W) =o,

n
whence

IR

Cp,, (W) = Cg  (W)B," /B,

< C§n+l/§fw,+1(xn+l) = CBW+1( n+1) = 0.

Suppose now that Cg (WW) has the desired form for some m >n. Then 5.2.2
gives
C5,.,, W) = (Cp, (W) & By

Qn+2,m mt1.m\ Xm Qm+2,m+1
(Boii™™ @ - @ Bgmirm)¥mit @ Bring

_ Qn+2,m+1 Qm+2, mt1
= Bn+1 D - P Bm+1
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It is evident now that the centralizers Cz(WW) (n €w) form a strictly descend-
ing chain in B. Since G is finitary, their intersection is trivial. Let C' denote the
completion of B with respect to the residual system {Cp(WW) |necw}. Let Cy
be the set of all ¢ € C' satisfying

c € m (B ® Bpy1 @ - @ By, ® Ca(WWV)) for some n =n(c) € w.

m>n
Obviously Cy is a group of cardinality 2%°.
5.2.7. Cy is an F,W-module.

Proof. If c€ Cy and we W, then there exists n€w such that weW,, and ¢ =
by + dp, for all m>n, where b,, € B,, = EZ} and d,, € Bpt1 + -+ B +
Ce(WW) < Ce(WW) < Co(w). Then (by, + dm)¥ € Bp + Bpy1 + =+ + Bm +
Co(WW) for all m>n, and so ¢ =, < (by +dn)? + Co(WW) € Co. O

m>n

It follows from 5.2.6 that

5.2.8. ., (B.W]+C(WY) = Mooy (B.W] & @yoy b)) = [B.1V]
This also implies

5.2.9. [Ba W] = ﬂnEw([B’ W] + CC(W'XV))

Remark 5.2.10. We can choose for .S;, any finite simple group # C,. Then G has
its composition factors isomorphic to Cp, and S,, (n €w). In particular, choosing
all S,, cyclic of prime order g#p yields a locally solvable {p, ¢}-group G. One can
also obtain slim p-groups by choosing all X,, elementary abelian of order p?, and
replacing A,, by the last but one non-trivial term of the Loewy series of F,X,,. Slim
p-groups will however not lead to counterexamples as in Section 5.3, since totally
imprimitive p-groups are countably recognizable by Theorem D (the centralizers
Cp(W¥) behave differently).

5.3. Construction of Counterexamples. We shall show, in this section, that
the uncountable group Cy x W has an w-cover of subgroups which are isomorphic
to totally imprimitive subgroups of the wreath product C,wrW containing W.
Let 2 be the set on which W acts canonically. By [19, 3.3.3] the group W acts
irreducibly on Cf). Since C, has a non-trivial one-dimensional complex represen-
tation, every subgroup of C, wrW containing W has a faithful irreducible finitary
linear representation on C{) too. Therefore Cy x W will be a counterexample
which proves Theorem B.

Consider a countable subgroup H of Cy x W containing G = B x W. Then
[Co, W] = [B,W] < H. We choose H such that |[HNCy : [B,W]| is infinite; that
is, HNCy = [B,W]® E, where E = @,-,(c;). It suffices to embed such a group
H onto a transitive subgroup of Cj,wr W.

Let €, be the non-trivial orbit of W,, in . We shall recursively construct
embeddings ay : H — Cp, Wrq W (k>0) such that the following hold:

— aglw =idw, and (H N Cp)ay lies in the base group of Cp, Wrq W;

— for every ¢ € H N Cy there exists n €w such that the base group function
cay, : 0 — C), is constant on each of the orbits of the pointwise stabilizer of 2, in
&

- ¢joy = cjog—1 for all j<k, and cpoy is finitary (note that cio, ..., crog
are finitary then).
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Let us begin with the construction of . Let ¥ be an ultrafilter on w containing

all cofinite subsets of w. By Lo$ Theorem, (], c,Cp)/¥ = C,. Therefore a
W-homomorphism

ag: Co — ((J] Cp)/®) Weq W = C, Wrq W

mew
is given via
(V) (cag) = ((V)dm)mew for all v € Q, whenever
¢ = ) (n+Co(WY)  with du € By+ Bus1 + - + B,

m>n

ap is injective: If ce€kerag, then {mecw | m>n and (Q)d,, =0} € ¥ for all
lew, whence ¢ € (e, Cc(W}V) = 0. Thus aq gives rise to an embedding
ag: H— C, Wrq W via ag|w = idw. The second of the above requirements for
« 1s satisfied by choice of Cj.

Suppose now that aj has been constructed for some k. We shall provide ag.y1.
Choose n=n(k) such that

(a) suppcjar C Cp x Q, for all j<k,

(b) cg+10u is constant on the orbits of the pointwise stabilizer of £2,, in W, and

(¢) c1,...,ckr1 are independent modulo [B, W]+ Crnc, (W) (this condition
can be realized because of 5.2.9 above).

Let U be the setwise stabilizer of €,, in W, let T be a right transversal of U in
W containing 1, and let Ty C T be a set of representatives of the double cosets
UwU (weW) containing 1.

Lemma 5.3.1. The elements t(cjap)t™" (t€Tp, j<k+1) areindependent mod-
ulo ([B,U] + Crrcy (W)Y ek,

Proof. Suppose that

Z Z At t(cjap)t™ = 0 modulo ([B,U]+ Crnc,(WV))ou,
teTy j<k+1

for certain )\ ; € F,. Since we calculate modulo C'(W,\"), condition (b) allows us
to assume that supp cy10 C Cp X Q,, and hence supp t(cjak)t’l C Cp x Q1
for all t€Ty, j<k+1. Since T, represents the double cosets UwU (w € W), the
sets Qntl_l and Q,t5 ! lie in different U-orbits for 1 %ty from Ty. Hence

Z A jt(cjap)t™ = 0 modulo ([B,U] + Crncy(W )y, for every t € Tp.
<kt

Conjugation with ¢ and application of a;l yields

Z Mjc; = 0 modulo [B,W]+ Crnc,(WY) for every t € Ty.
J<kt1

And condition (c) implies A\;; =0 for all te€ Ty, j<k+1. O
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Let D be the group of all constant functions ,, — C,. Because of Lemma 5.3.1
we can find a homomorphism ¢y, : (H N Cy)ay - U — D such that

(i
(ii

(iii

) ([B.U]+ Crncy (W) Deawpr, = 0,

) cjappr =0 for j <k+1,

) (Hejar)t ™ Npr = t(cjag) g, for 1#£t€ Ty, j<k+1, and
(iV) U(pk = 0.

The choice in (iv) is possible, since (H N Cylay - U = (H N Cy)ay, x U modulo
[B,Ul]ag. A derivation ¢ of Hay into the base group of Cp, Wrq W is now given
via Wé, =0 and

capdila,r = 7 H((cap)T ) orT forall ce HNCy and 7€ T.

We define the group homomorphism apy; : H — Cp, WrqW via hoagyr =
hay - hayd, for all he H. We show that ay41 is an embedding: Suppose that
hekeragy1. Then h € HNCy, and hayp = —(hagdy) is constant on each of the
blocks Q,7 (r€T). It follows that hay € (Cunc, (WY ))ar < Hay. But then
T(hag)T™1 € kerpy, for all 7€ T, whence hay = —(haydr) = 0. Thus, agyq is
injective.

For every 1#7€T there is a unique 1#t€T; such that 7U = tU. Then

7 (cjap)T™ ! = t(cjag)t™" modulo [B,Ulay <keryy forall j <k+1.
Moreover, (a) and (b) imply that c;jas is constant on Q,tU, whence

(T (cjar)T Neor = (t(cjor)t™)on

_ t(CjOék)_lt_l 1, -1

o, = T(cax) T

928

for all j <k+1. It follows that cjary1 = cjou for j <k, and that supp cp10p+1
C Cp x ;. Moreover, the definition of d; and the corresponding property of ay
imply directly that for every ¢ € H N Cy there exists m>n such that cojpyi
is constant on each of the orbits of the pointwise stabilizer of €,, in W. The
construction of ay41 is complete.

Finally, we choose the ultrafilter ¥ on w as above and define a homomorphism

a:H — (][ Co)/®) Wrg W = C, Wrq W
kew

diagonally; that is, «|w = idw and
W)(ca) = ((v)(cag))kew forall ce HNCp and v € .

Here Fa« is finitary, since supp cya = supp ¢y, for all k. And [B, W]« is finitary
too, since supp [b, w]ay C Cp X suppqw for all be B, we W, k cw. It follows that
Ho is a totally imprimitive subgroup of the restricted wreath product C,wrq W.

It remains to show that « is injective. Clearly kera < H N Cy. Assume that
1#cekera. Then 1 # [c,w] € [B,W]|Nkera for some weW. But supp [¢, w]ag
is uniformly bounded for all k € w, whence [c, w]a # 1 (see [5, Lemma B.1]). Thus
« is the desired embedding.



1926 FELIX LEINEN AND ORAZIO PUGLISI

5.4. Finitary Linear Representations of the Counterexamples. Although
the counterexample Z =Cyx W = (Cy x W)ag < Cp, Wrq W is not irreducible
finitary linear, we note that the wreath product has a faithful finitary linear rep-
resentation on the Fp-vector space with basis Q U {z} via [z, C, WrqW] = 0
and

W) (fw) = (Wf) =z + (V)w forall veQ, weW and f:Q— C,=F].

However, Z has no faithful finitary linear representation over any field of charac-

teristic ¢ >0 coprime to p: Otherwise the non-existence of a unipotent normal
subgroup in Z would show, that Z is a subdirect product of irreducible finitary
linear groups Z; (i €1I) over a field of characteristic ¢ ([19, Proposition 1]). Since
Z does not contain an infinite simple section, the groups Z; are totally imprimi-
tive and countable. Now Z’ is a countable subgroup of the uncountable group Z.
Therefore there exists a countable subset J C T such that each group Z; (i €1\ J)
is abelian. Let K denote the kernel of the canonical projection of Z into [[;c; Z;.
Then [K,Z'| < KNZ =1, whence 1# K < Cz(Z’) = 1. This contradiction
shows that faithful finitary linear representations of Z are just possible over fields
of characteristic p. But then the direct product Z x Tor([],,, Cpn) is a group
which has no faithful finitary linear representation at all, although its countable
subgroups are finitary permutation groups (cf. [I1, Example 3.4]).

6. TorAaLLY IMPRIMITIVE GROUPS

This section is devoted to the proof of Theorem C. In the sequel, we will use the
following standard notation for iterated commutators: [a,0b] = a and [a,x4+1b] =

[[a,r b],b] for all k € w.

Lemma 6.1. Every finite group satisfies the identity [x,ey] = [€,0—r y] for suitable
positive integers k < £.

Proof. Let S be a finite group. For all a,b € S, there exist positive integers
kap < Lap such that [a,m,b] = [aym—r,, 0] for all m > £,;. Then S satisfies the
required identity with k = Ha,bes kep and £ = Ha,bes lap. O

Lemma 6.2. Let S = (g,h) be a group such that the conjugates h=Igh’ commute
for 0<j<0. Then [g.h] - [g.e—rh]™ ' =g¢" mod (g,g",....g" ") for 0<k<L.

Proof. Induction shows that [g,;h] = ¢" mod (g, g", ...,gh(jfl)) for 0<j<Ut.
|

As a first step towards Theorem C we establish a counterpart to [7, Lemma 1]
(see Proposition 6.6) for totally imprimitive finitary linear groups.

Proposition 6.3. Let the periodic group G have an w-cover of totally imprimitive
finitary linear groups. Then the commutator subgroup G’ of G is countable. In
particular, G has countable conjugacy classes.

Proof. Let € be an w-cover of subgroups of the group G such that each X €€ is
a totally imprimitive subgroup of FGLyp, (Vx) for some infinite-dimensional F x-
vector space Vx. From Lemma 3.2 we may assume that the characteristic p of the
fields Fx is independent of X € €. Since the unipotent radical of every X € € is
trivial, G has no non-trivial normal p-subgroup in the case when p > 0.
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Consider a fixed X € €. Let Px ={Y €€ | X <Y}, and consider some Y € Px.
From [I} Proposition 1], the group X cannot be a subdirect product of linear groups.
Hence Vy is an irreducible Fy (XY )-module, and Y’ < (XY). This holds for every
Y € Px, whence G’ < (X%). Let H = (X%). We now show that H is countable.

Let {X,}new be an ascending chain of finite subgroups with union X. By
Lemma 3.2, we can recursively choose integers d,, (n €w) and a descending chain
{€}new of w-subcovers of € such that

dimp, [Vy, X,] < d, forall Ye¢,, ncw.

Let ®,, be an ultrafilter on €, which contains the set Py N &, for every Y €¢&,.
For each n €w, the group G embeds into the ultraproduct K, = ([[y¢e, Y)/®Pn
via g = (g9y)vee, for all g€G; here gy =g if g€Y, and gy =1 otherwise.
From Lo$ Theorem, K, acts as a transformation group on the vector space W,, =
(Ilyee, Vv)/®n in such a way, that

dim [W,,, X,,,] < dp, for all m <n.

Let ¥ be an ultrafilter on w containing all cofinite subsets of w. Then G embeds di-
agonally into the ultraproduct K = (][, .., K»)/¥, which acts as a transformation
group on the vector space W = (I],,c,, Wn)/¥ in such a way, that

dim [W, X,,] < d, forall ne€w.

In particular, H < FGL(W). Let & be an H-composition series in W. As in the
proof of [T6, Theorem B(vi)], each of the normal closures (X&) = <X§/> = (XH)
(n €w) acts non-trivially on just finitely many factors of &. Therefore H acts non-
trivially on just countably many factors of &. Since the characteristic of the field
F associated with W is still p, the unipotent radical of H is trivial. Therefore H
is a subdirect product of the countably many groups induced from H on the above
factors of &. Since we want to prove countability of H, it suffices to consider the
action of H on one of these factors; that is, we may assume without loss that H
acts irreducibly on W. If dimp W is finite, then H is countable from [23] 1.19]
and [28], [27]. Suppose now that dimp W is infinite. Since no Y € € contains an
infinite alternating section, the same holds for H. Hence H is a totally imprimitive
subgroup of FGLp(W). In particular, H is countable. O

Our next result corresponds to [7, Theorem 4].

Proposition 6.4. Totally imprimitive periodic finitary linear groups without non-
trivial abelian normal subgroups are countably recognizable.

Proof. Let the periodic group G have an w-cover of totally imprimitive finitary
linear groups which do not contain a non-trivial abelian normal subgroup. By
Proposition 6.3, the derived subgroup of G is countable, and hence an irreducible
subgroup of some group in the w-cover. Thus G’ is a totally imprimitive subgroup of
FGLp(V) for some infinite-dimensional F-vector space V. From [I2] we may choose
F algebraically closed. Consider a non-trivial finite subgroup F of G’. Choose a
proper G’-block V; in V such that F' fixes each Vog#Vy (g€ G’) elementwise.
Then Cg/(F%) must leave each Vog (g € G’) invariant. From [23, 1.17] the nor-
malizer in G’ of V{) contains a finite subgroup E such that FE induces Endp(V})
on V. From Schur’s Lemma ([23] 1.2]), the centralizer Cq/((E, F)) acts like a
scalar on each Vpg (g € G'). The hypothesis now yields Cg ((E, F)¢) = 1, whence
Co((E,F)%) =1 too. Since G has countable conjugacy classes (Proposition 6.3),
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the centralizer Cg((F, F)¢) has countable index in G. And so G must be count-
able. g

Theorem 6.5. Theorem C holds for the class X of all irreducible periodic finitary
linear groups.

Proof. Let € be an w-cover of the group G such that each X €€ is a totally
imprimitive subgroup of FGLr, (Vx) for some infinite-dimensional IF x-vector space
Vx. From Lemma 3.2 we may assume that y = charFx is independent of X € €.
And [12] allows us to choose for Fx the algebraic closure F of the prime field in
characteristic y. By Proposition 6.3, the commutator subgroup G’ is countable.
We may therefore assume that G’ = X’ for all X €¢.

From Proposition 6.4 we may assume that G contains a non-trivial elementary-
abelian normal p-subgroup NN for some prime p. Since every X € € has trivial
unipotent radical, we see that p#£y. Fix 1# 2z € NNG'. For every X € € there
exists an X-block Vx o in Vx such that z acts just on Vx o, that is, z centralizes
every Vx oz # Vx,0 (€ X). As N is elementary-abelian, z has just finitely many
G-conjugates which act just on Vx, [23, 2.2]. Since z has just countably many
G-conjugates, Lemma 3.2 allows us to assume that d = dimr Vx ¢ and the finite set
of those G-conjugates of z which act just on Vx g are independent of X € €. Let
F be their join, and let F' = Fy, F1, ..... be the G-conjugates of F'. From Schur’s
Lemma [23, 1.2], the elementary-abelian p-group (F¢) acts like a scalar on each
of its homogeneous components. Therefore the G-blocks

Vyi = {veVx | [v,F]#0} U {0} (icw)

form a system of imprimitivity in Vx. Let Vo = F? and V = Vj ® w. An
identification of Vx; with Vo ® ¢ leads to an identification of Vx with V, and to
an embedding ox of X into the restricted wreath product GLp(Vp) wr,FSym(w),
which acts on V. For each g€ X €€ we have gox = fx ¢my for some fxq:w —
GLg(Vp), where 7y € FSym(w) is given via Fjr = F/, independently of X €.
We let 7 denote the corresponding homomorphism ¢ — 7y of G into FSym(w).

Now w contains just countably many proper Gr-blocks ,, (n € w). The normal-
izer in G'ox of Vo ®Q,, acts irreducibly on V5 ®,,, and I is algebraically closed.
Hence [23, 1.17] and Lemma 3.2 yield a sequence {FE,}ne, of finite subgroups
of G', and a descending chain {€,},e, of w-subcovers of € such that F(E,ox)
induces Endp(Vp ® Q,,) on Vy ® Q,, for all X €€,, n€w. Since V is countable,
we may even assume that ox|g, = oy|g, foral X, Y e&, necw.

Next, let ®,, be an ultrafilter on €, which contains the set Px N &, for ev-
ery X €€, where Px = {Y €€ | X <Y}. From Lo§ Theorem, the vector space
Un = (IIxee, V0)/®n over the algebraically closed field K, = ([[xc¢, F)/®n has
dimension d. And a group homomorphism 7,, of G into the unrestricted wreath
product W, = GLg, (U,) Wr, FSym(w) is given by gr, = fi'm, for all g€G,
where f;':w — GLg, (Uy,) is defined via

(0)fy = (()fxg)xee, forall i€uw;

here fx 4 =1 whenever g¢ X € €,. We shall show next that each 7, is actually
an embedding.

Assume that kert, # 1. Clearly kerr, is not a x-group. Choose 1 # g €
G’ Nkert, of prime order ¢g#x. Then 7y = 1, and gox (X €€,) normalizes
each block V) ® i (i€w). The elementary-abelian g-subgroups of GLp(Vjp ® 1)
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have ranks bounded by d ([23, 2.2]). Choose positive integers k< ¢ such that
the holomorph of the elementary-abelian g-group of rank d satisfies the identity
[zey] = [z,0—xy] (Lemma 6.1). Note that ¢>d. From [I7, Lemma 3.2] there
exists h € G’ such that the elements h=7gh/ (0<j</) commute, since they act
just on X-blocks of Vx with pairwise trivial intersections, for some X € €. Lemma
6.2 yields [g,¢ h] # [g,e—k h]. Let wo = supp,, 7. For fixed X € € and i € w—wy,
let 7; denote the projection of (g, h) into GLp(Vy,;). Since (h=*gh*)n;, € A; =
(h=Igh? |0<j<k)n; for some k<d, the elementary-abelian g-group A; is hn;-
invariant. By choice of k and £ we have ([g,e h] - [g,e—x h]~1)n; = 1. It follows that
([g,¢ B] - [g,e—1r h] Yo x acts just on Vo®wy, for all X € €,. Hence, for every X € €
there is some i €wp such that (i)fx 4 # 1. By [0, Lemma B.1] there exists i €wp
such that {X €X | (i)fx,g # 1} € ®. But then (i)f;' # 1, and hence g7, # 1, a
contradiction. Thus, 7, is an embedding of G into W,,.

Let ¥ be an ultrafilter on w containing all cofinite subsets of w. Again, U =
(IL,eo Un)/¥ is a d-dimensional vector space over the algebraically closed field
K = (II,c Kn)/¥, and an embedding 7: G — W = GLg(U) Wr,, FSym(w) is
given by g7 = fqm, for all g€ G, where

(I)fg = ((I) [y )new forall ie€w.

Since G does not contain an infinite alternating section, the image G7 of the pro-
jection of G into the top group of W is a totally imprimitive subgroup of FSym(w).
It remains to show that G7 acts irreducibly on U ® w, and that the base group
functions f; (9 € G) act like scalars on U ® A for almost all Gr-translates A of
every Q, (n€w).

First of all we identify F diagonally with a subfield of each K,, (n€w) and of
K. Similarly we can identify K, ® Vp, resp. K® Vj, with a K- resp. K-subspace
of U,, resp. U. In this way all the embeddings ox (X €€) map into each W,
(n€w) and into W. From our choice of E, we see that 7,|g, = ox|g, for all n
and all X € €, whence 7|g, = ox|g,. Since dimg K(E,7)|vgq, = (d:|Q.])?, we
conclude that K(F,7) induces Endg(U ® Q,) on U ® Q,. In particular, Gt is
an irreducible subgroup of W.

Now consider fixed g€ G, n€w. Choose X €€, containing g. Then 2, is
contained in a proper Gm-block Q, of w such that (E,,g)ox acts trivially on
U® (w-9Q,). Note that Q, contains just finitely many Gn-translates of .
Consider a Gr-translate A of Q,, which lies in w — €,,. Then there exists he G’
such that E'ox and El'r act trivially on U ® Q,,, and such that K(E"ox) and
K(E"r) induce Endg(U ® A) on U® A. Since gox commutes with E'ox, also
g7 commutes with E"'7. But supp,m, C Q,. Therefore f,|luga € GLx(U ® A)
commutes with K(E”"7)|yga = Endg(U ® A). We thus obtain that f, acts like a
scalar on U ® A. O

The permutation group version of Theorem C will be proved similarly to the
transformation group version. For the convenience of the reader we first give a
proof of the crucial [7, Lemma 1].

Proposition 6.6 ([7, Lemma 1]). Let the group G have an w-cover of totally im-
primitive finitary permutation groups. Then the commutator subgroup G’ of G is
countable.
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Proof. Let € be an w-cover of subgroups of the group G such that each X €€
is a totally imprimitive subgroup of FSym(€Qx) for some infinite set x. For
fixed X €€, let Px = {Ye€ | X<Y}, and consider some Y € Px. From [25]
Theorem 1], the group X cannot be a subdirect product of finite groups. Hence
(XY) acts transitively on Qx, and Y’ < (XY). This holds for every Y € Px,
whence G’ < (X%). Therefore it suffices to show that G has countable conjugacy
classes.

Consider elements g,he G. If g,h€ X €€, then suppg, (g,h) is contained in
a finite X-block in Qx, whence h centralizes all but finitely many X-conjugates
of g. An application of Lemma 3.2 shows that h centralizes all but finitely many
G-conjugates of g. In particular, G acts finitarily on the conjugacy class g©. Since
no X €€ has an infinite alternating section, the same holds for G. But then G
must act as a totally imprimitive finitary permutation group on ¢, whence ¢© is
countable. O

Theorem 6.7. Theorem C holds for the class X of all transitive finitary permuta-
tion groups.

Proof. Let € be an w-cover of the group G such that each X €€ is a totally
imprimitive subgroup of FSym(€x) for some infinite set 2x. By Proposition 6.6,
the commutator subgroup G’ is countable. We may therefore assume that G/ = X’
for all X e¢.

Fix 1# z € G'. For every X € € there exists an X-block Qx o in Qx such that
z fixes Qx —Qx,o pointwise. Since G’ is countable, Lemma 3.2 allows us to assume
that d = [Qx | and the finite set of those G-conjugates of z that fix Qx — Qx o
pointwise are independent of X € €. Let F be their join, and let F' = Fy, Fi, .....
be the G-conjugates of F'. For every G-translate A of Qx o there exists a unique ¢
such that suppg, F; € A; we denote Aby Qx ;. Let I' = {1,...,d} and Q =T x w.
An identification of Qx; with I' x i leads to an identification of Qx with 2, and
to an embedding ox : X — Sym(I") wr,FSym(w), where the wreath product acts
on Q. For each g€ X €€ we have gox = fx 4m, for some fx 4 :w — Sym(I),
where 7, € FSym(w) is given via Fir, = F, independently of X € €. We let 7
denote the corresponding homomorphism g +— 7, of G into FSym(w).

Now w contains just countably many proper Gm-blocks €2, (n € w). The setwise
stabilizer Sx nox in G'ox of I' x Q, acts transitively on I' x ,,. Hence Lemma
3.2 yields a sequence {E,}nc. of finite subgroups of G, and a descending chain
{€n}new of w-subcovers of € such that E,ox induces the action of Sx ,ox on
I'xQ,, for all Xe,, ncw. Since 2 is countable, we may even assume that
UXlE,,, = O’y|En forall X,Y e, ncw.

In exactly the same way as in the proof of Theorem 6.5 we can now invoke
ultraproduct constructions to obtain an embedding 7 : G — S Wr,, FSym()
with the desired properties; here S is the subgroup of Sym(T x Q) induced from
anx. O

7. SOME SUFFICIENT CONDITIONS

This section consists of a brief discussion of sufficient conditions for countable
recognizability of totally imprimitive X-groups. It shows how Theorem C can be
applied in particular instances. The following observation is straightforward from
Theorem C and generalizes conditions given in [7] for the permutation group case.
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Proposition 7.1. The class of all totally imprimitive X-groups G that satisfy
ING'/G'| < oo for every elementary-abelian normal subgroup N is countably rec-
ognizable.

Proof. Assume that there exists an uncountable group G with an w-cover € of
totally imprimitive X-subgroups satisfying the property in the statement of the
proposition. Then G has an uncountable abelian normal subgroup N by Theorem
C. We can replace G by G'’N and choose N elementary-abelian. Lemma 3.2 allows
us to assume that the finite value s = |[(N N X)G'/G’'| is independent of X € €.
But then |[NG'/G’'| = s too, in contradiction to the uncountability of N. O

Remark 7.2. Among the totally imprimitive X-groups G satisfying |[NG'/G’| <
oo for every elementary-abelian normal subgroup N are not only those without
abelian normal subgroups, but also full wreath products L wr F} wr---wr F,, wr -+,
where the F, are finite groups, and where L is a finite resp. irreducible linear
group. In fact, for every elementary-abelian normal subgroup N of such a full
wreath product G there exists n€w such that N is contained in (A%), where
A is an elementary-abelian normal subgroup of the unipotent-free linear group
L, = Lwr Fywr-wrF,; and it is well-known that (A®)G'/G' = A/[A, L,] is
finite.

Our most spectacular result, however, concerns p-groups.

Proof of Theorem D. Assume that there exists an uncountable p-group G with an
w-cover of totally imprimitive X-subgroups. Then G has an uncountable abelian
normal subgroup N by Theorem C. We can replace G by G'N and choose N
elementary-abelian. Now we refer to the notation introduced in the proofs of The-
orems 6.5 and 6.7, and we choose ¢ = {0}. In addition, Lemma 3.2 allows us to
assume that ox|p = oy|p forall XY € €.

We consider the transformation group case first. Since Fox acts just on V{®0,
it is normalized by Fgox (X € €y). Because G is a p-group, the centralizer Cr(Ep)
must be non-trivial. Let T be a right transversal in G’ of the setwise stabilizer in G’
of Vp®0. Forall teT, X €€, the group algebra F(Efox) induces Endr(Vo®0m;)
on Vo ® Om;. Therefore, (Cynx(EE))ox acts like (Cr(Fo)t)ox on Vo ® Omy. It
follows that

Cnnx(ES) < Drier (Cr(Eo))t < Cr(Eo)-[F,G'] < F-G'

for all X €¢;. And so Cn(E§) becomes countable. On the other hand, the
conjugacy classes in G are countable, so Cn(E§) has countable index in N. This
contradicts the uncountability of V.

We now consider the permutation group case. From Lemma 3.2 we may as-
sume that the subgroup of Sym(I' x 0) induced from Fyox is independent of
X €€y, so that it can be identified with S. In this way the embeddings ox
(X €€y) and 79 map into the wreath product W = S Wr, FSym(w). The aug-
mentation ideal of the group algebra CS is a direct sum of non-trivial irreducible
CS-submodules My, ..., M,, and there is a faithful action of W on the C-vector
space @;_, (M; ®w). In particular, W is a subdirect product of the wreath prod-
ucts Z; = GLc(M;) Wr, FSym(w) (1<i<r), and the projection p; : W — Z;
must map N7y onto an uncountable subgroup of Z; for some fixed j. Let 7 = 19p;.
Since the conjugacy classes in Gn are countable too, it again suffices to show that
Cny((E§)n) is countable. To this end we can copy the argument applied in the
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transformation group case: We may assume that F'n is non-trivial. Then F'n acts
just on M;®0 and is therefore normalized by Egn. Thus Crg,(Eon) is non-trivial.
And since Ey7p induces the action of S on S x 0, the group Epn acts irreducibly
on M; ®0, whence Cinnx),((E§)n) acts like Cry(Eon)™ on M; ® Oy, for all
Xedy te G O

Another observation deals with the coprime situation.

Proposition 7.3. Suppose that in Theorem C the orders of the elements in C'N
G are coprime to the orders of the elements in G/C N G. Then G is a totally
imprimitive X-group.

Proof. Assume that there exists an uncountable group G as in Theorem C such that
the elements in N = C' NG have orders coprime to those of the elements in G/N.
Without loss we may assume that G = G'N, and that N is an elementary-abelian
p-group for some prime p. Since N is uncountable, we can find z € N — [N, G]. In
order to copy the argument in the proof of Theorem D, we just need to show that
Cr(Ep) # 1. But because of the coprime situation we have F = [F, Ey] X Cr(Ep);
and since z € F — [F, Ey|, we see that Cp(Ey) # 1. O

We shall conclude with a quite interesting condition on stabilizers of blocks.

Proposition 7.4. Consider the situation in Theorem C, and let H denote the
setwise stabilizer in G' of Sx0 resp. U® 0. If Homgz(H,(1(S)) is countable,
then G is a totally imprimitive X-group.

Proof. We refer to the notation introduced in Theorem C and in the proofs of
Theorems 6.5/6.7, and we choose Qg = {0}. As in the proof of Theorem D, the
embeddings ox (X € €y) map into W = S Wr, FSym(w). Fix some X € €y. Let
K denote the subgroup of W which consists of all base group functions w — (1 (5).
For every Y € €y, the difference map dy,x of G’ into the base group of W is defined
via
9oy x = (goy) ™' -gox for all geG'.
Consider h€ Ey and t€G'. Because ox|g, = oy|g,, the element ¢dy,x centra-
lizes Egox. Hence
(htfl)ax _ (ho_X)(taX)*l _ (ho_X)téy)X.(taX)*l _ (ho_y)(tay)*l _ (h75*1)0_y7

that is, UX|<EOc/> = ay|<E0cf>. Since E@ox induces the action of S on S x Om;, resp.
since K(E{ox) induces the action of Endg(U) on U®0m;, we obtain G'dy, x < K.
Thus dy,x is a derivation of G’ into the Gr-module K, that is,

(gh)dy.x = (90y.x)"™ - hdy.x for all g,heG'.
Consider (;(S) as a trivial ZH-module. Now Hr is the stabilizer of the point 0
in the transitive subgroup G’m of FSym(w), and so an isomorphism
¢ : K — Homyzg (ZG', ¢1(S))
is given via
(9)(fe) = (0mg) f forall feK, gedG'.

Therefore Shapiro’s Lemma ([9, Section 6.3]) yields H'(G’, K) = H'(H,¢(9)).
Recall that H'(G’, K) is isomorphic to the group of outer derivations G’ — K
(22, 11.4.6]). And every derivation H — (1(5) is a homomorphism. By hypothesis
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there are just countably many such homomorphisms. Therefore Lemma 3.2 allows
us to assume that there exists a fixed derivation ¢ : G" — K such that dy,x —¢ isan
inner derivation for all Y € €y —{X}. Fix Y € €o—{X}. Then 07y =z x —dy,x
is an inner derivation for all Z €€y — {X,Y}, that is, there exists cz € K such
that

(goz)"t - goy = [gm,cz] for all geG’.

Define o : G — Wy = Swr, FSym(w) via go = gogz - [gm,cz] whenever
geZ ey —{X,Y}. Since G'c = G'oy is an irreducible subgroup of Wy, it
remains to show that ¢ is an embedding.

Suppose that Z1,Zs € €y — {X,Y} satisfy Z; < Zs. Define o; : Z; — Wy via
go; = gog, - [gm,cz,] for all g€ Z; (i=1,2). Then o1|g: = oy|g' = 02]/¢r. But
G'oy has trivial centralizer in Wy, whence o1 = 02|z,. This shows that o is a well-
defined homomorphism. ¢ is also injective, since G’ Nkero = G’ Nkeroy =1. O

In the permutation group case, countability of Homy(H, (1(S)) in Proposition
7.4 is equivalent to finiteness of H/HPH' for every prime p dividing the order of
the finite group ¢1(S).

Corollary 7.5. The class of all totally imprimitive finitary permutation groups
G satisfying the following condition is countably recognizable: Whenever S is the
normalizer in G of a proper block, and whenever H is the setwise stabilizer in G
of the same block, then H/HPH' is finite for every prime p dividing the order of
some element in (1(S).

Proof. Let G be a group with an w-cover of subgroups satisfying the hypothe-
sis. Again we refer to the notation introduced in Theorem 6.7. Let Hx (X € €)
denote the setwise stabilizer in X’ of S x 0. Lemma 3.2 allows us to assume that
|Hx /H% H| is independent of X for every prime dividing the order of (;(S). The
assertion now follows from Theorem C and Proposition 7.4. O
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